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Abstract. In this paper, we give an operational and denotational semantics for a 3APL
meta-language, with which various 3APL interpreters can be programmed. We moreover
prove equivalence of these two semantics. Furthermore, we relate this 3APL meta-language
to object-level 3APL by providing a specific interpreter, the semantics of which will prove
to be equivalent to object-level 3APL.

1 Introduction

An agent is commonly seen as an encapsulated computer system that is situated in some envi-
ronment and that is capable of flexible, autonomous action in that environment in order to meet
its design objectives ([19]). Autonomy means that an agent encapsulates its state and makes de-
cisions about what to do based on this state, without the direct intervention of humans or others.
Agents are situated in some environment which can change during the execution of the agent. This
requires flexible problem solving behaviour, i.e. the agent should be able to respond adequately
to changes in its environment. Programming flexible computing entities is not a trivial task. Con-
sider for example a standard procedural language. The assumption in these languages is, that the
environment does not change while some procedure is executing. If problems do occur during the
execution of a procedure, the program might throw an exception and terminate (see also [20]).
This works well for many applications, but we need something more if change is the norm and not
the exception.

A philosophical view that is well recognized in the Al literature is, that rational behaviour
can be explained in terms of the concepts of beliefs, goals and plans* ([1,13,2]). This view has
been taken up within the AI community in the sense that it might be possible to program flexible,
autonomous agents using these concepts. The idea is, that an agent tries to fulfill its goals by
selecting appropriate plans, depending on its beliefs about the world. Beliefs should thus represent
the world or environment of the agent; the goals represent the state of the world the agent wants
to realize and plans are the means to achieve these goals. When programming in terms of these
concepts, beliefs can be compared to the program state, plans can be compared to statements,
i.e. plans constitute the procedural part of the agent, and goals can be viewed as the (desired)
postconditions of executing the statement or plan. Through executing a plan, the world and
therefore the beliefs reflecting the world will change and this execution should have the desired
result, i.e. achievement of goals.

This view has been adopted by the designers of the agent programming language SAPL° ([8]).
The dynamic parts of a 3APL agent thus consist of a set of beliefs, a plan® and a set of goals”. A
plan can consist of sequences of so-called basic actions and abstract plans. Basic actions change
the beliefs® if executed and abstract plans can be compared to procedure names. To provide for
the possibility of programming flexible behaviour, so-called plan revision rules were added to the

4 In the literature, also the concepts of desires and intentions are often used, besides or instead of goals
and plans, respectively. This is however not important for the current discussion.

5 3APL is to be pronounced as “triple-a-p-1”.

5 In the original version this was a set of plans.

" The addition of goals was a recent extension ([18]).

8 A change in the environment is a possible “side effect” of the execution of a basic action.



language. These rules can be compared to procedures in the sense that they have a head (the
procedure name) and a body (a plan or statement). The operational meaning of plan revision
rules is similar to that of procedures: if the procedure name or head is encountered in a statement
or plan, this name or head is replaced by the body of the procedure or rule, respectively (see [4]
for the operational semantics of procedure calls). The difference however is, that the head in a
plan revision rule can be any plan (or statement) and not just a procedure name. In procedural
languages it is furthermore usually assumed that procedure names are distinct. In 3APL however,
it is possible that multiple rules are applicable at the same time. This provides for very general
and flexible plan revision capabilities, which is a distinguishing feature of SAPL compared to other
agent programming languages ([12, 15, 6]).

As argued, we consider these general plan revision capabilities to be an essential part of agent-
hood. The introduction of these capabilities now gives rise to interesting issues concerning the
semantics of plan execution, the exploration of which is the topic of this paper.

Semantics of plan execution can be considered on two levels. On the one hand, the semantics of
object-level 3APL can be studied as a function yielding the result of executing a plan on an initial
belief base, where the plan can be revised through plan revision rules during execution. An inter-
esting question is, whether a denotational semantic function can be defined that is compositional
in its plan argument.

On the other hand, the semantics of a 3APL interpreter language or meta-language can be
studied, where a plan and a belief base are considered the data on which the interpreter or meta-
program operates. This meta-language is the main focus of this paper. To be more specific, we
define a meta-language and provide an operational and denotational semantics for it. These will be
proven equivalent. We furthermore define a very general interpreter in this language, the semantics
of which will prove to be equivalent to the semantics of object-level 3APL.

For regular procedural programming languages, studying a specific interpreter language is
in general not very interesting. In the context of agent programming languages it however is,
for several reasons. First of all, 3APL and agent-oriented programming languages in general are
non-deterministic by nature. In the case of 3APL for example, it will often occur that several
plan revision rules are applicable at the same time. Choosing a rule for application (or choosing
whether to execute an action from the plan or to apply a rule if both are possible), is the task of
a 3APL interpreter. The choices made, affect the outcome of the execution of the agent. In the
context of agents, it is interesting to study various interpreters, as different interpreters will give
rise to different agent types. An interpreter that for example always executes a rule if possible,
thereby deferring action execution, will yield a thoughtful and passive agent. In a similar way, very
bold agents can be constructed or agents with characteristics anywhere on this spectrum. These
conceptual ideas about various agent types fit well within the agent metaphor and therefore it is
worthwhile to study an interpreter language and the interpreters that can be programmed in it
(see also [3]).

Secondly, as pointed out by Hindriks ([7]), differences between various agent languages often
mainly come down to differences in their meta-level reasoning cycle or interpreter. To provide for
a comparison between languages, it is thus important to separate the semantic specification of
object-level and meta-level execution.

Finally, and this was the original motivation for this work, we hope that the specification of a
denotational semantics for the meta-language might shed some light onto the issue of specifying a
denotational semantics for object-level 3APL. It however seems, contrary to what one might think,
that the denotational semantics of the meta-language cannot be used to define a denotational
semantics for object-level 3APL. We will elaborate on this issue in section 6.2. In this paper, we
give an operational and denotational semantics for a 3APL meta-language, with which various
3APL interpreters can be programmed. We moreover prove equivalence of these two semantics.
Furthermore, we relate this SAPL meta-language to object-level 3APL by providing a specific
interpreter, the semantics of which will prove to be equivalent to object-level 3APL.

3APL interpreter language, what’s the role of the interpreter (scheduling rule application and
action execution)), operational vs denotational semantics, plan revision, reflection, introspection



2 Syntax

2.1 Object-level

As stated in the introduction, the latest version of 3APL incorporates beliefs, goals and plans. In
this paper, we will however consider a version of 3APL with only beliefs and plans as was defined in
[8]. The reason is, that in this paper we focus on the semantics of plan execution, for the treatment
of which only beliefs and plans will suffice. The language defined in [8] is a first-order language, a
propositional and otherwise slightly simplified version of which we will use in this paper.

In the sequel, a language defined by inclusion shall be the smallest language containing the
specified elements.

Definition 1. (belief bases) Assume a propositional language £ with typical formula ¢ and the
connectives A and — with the usual meaning. Then the set of possible belief bases X' with typical
element o is defined to be p(L).

Definition 2. (plans) Assume that a set BasicAction with typical element a is given, together
with a set AbstractPlan. The symbol E denotes the empty plan. Then the set of plans II with
typical element 7 is defined as follows:

— {E} UBasicAction U AbstractPlan C IT,
— if ¢ € ({E} U BasicAction U AbstractPlan) and 7 € IT then c¢;7 € II.

A plan F; 7 is identified with the plan 7.

For reasons of presentation and technical convenience, we exclude non-deterministic choice and
test from plans. This is no fundamental restriction as non-determinism is introduced by so-called
plan revision rules (to be introduced below). Furthermore, tests can be modelled as basic actions
that do not affect the state if executed (for semantics of basic actions see definition 8).

A plan and a belief base can together constitute the so-called mental state of a 3APL agent. A
mental state can be compared to what is usually called a configuration in procedural languages,
i.e. a statement-state pair.

Definition 3. (mental states) Let X be the set of belief bases and let IT be the set of plans. Then
IT x X is the set S of possible mental states of a 3APL agent.

Definition 4. (plan revision (PR) rules) A PR rule p is a triple m | ¥ ~» 7 such that ¢ € £
and 7y, 7, € I and 7, # E.

Definition 5. (34PL agent) A 3APL agent A is a tuple (g, 0, BasicAction, AbstractPlan, Rule, 7')
where (mg,00) is the initial mental state, BasicAction, AbstractPlan and Rule are sets of basic
actions, abstract plans and PR rules respectively and 7 : (BasicAction x X) — X' is a belief update
function.

In the following, when referring to agent 4, we will assume this agent to have a set of basic actions
BasicAction, a set of abstract plans AbstractPlan, a set of PR rules Rule and a belief update function
7.

2.2 Meta-level

In this section, we define the meta-language that can be used to write 3APL interpreters. The pro-
grams that can be written in this language will be called meta-programs. Like regular imperative
programs, these programs are state transformers. The kind of states they transform however do
not simply consist of an assignment of values to variables like in regular imperative programming,
but the states that are transformed are 3APL mental states. In section 3.1, we will define the oper-
ational semantics of our meta-programs. We will do this using the concept of a meta-configuration.



A meta-configuration consists of a meta-program and a mental state, i.e. the meta-program is the
procedural part and the mental state is the “data” on which the meta-program operates.

The basic elements of meta-programs are the ezecute action and the apply(p) action (called
meta-actions). The ezecute action is used to specify that a basic action from the plan of an agent
should be executed. The apply(p) action is used to specify that a PR rule p should be applied to the
plan. Through the execution of meta-actions, a mental state can thus be transformed. To iterate
execution of meta-actions, meta-programs can also contain a while construct. Composite meta-
programs can be constructed using a sequential composition operator and a non-deterministic
choice operator.

Below, the meta-programs and meta-configurations for agent A are defined.

Definition 6. (meta-programs) We assume a set Bexp of boolean expressions with typical element
b. Let b € Bexp and p € Rule, then the set Prog of meta-programs with typical element P is defined
as follows:

P ::= execute | apply(p) | while b do P od | P1; Py | P, + Ps.

Definition 7. (meta-configurations) Let Prog be the set of meta-programs and let S be the set
of mental states. Then Prog x S is the set of possible meta-configurations.

3 Operational Semantics

In [8], the operational semantics of 3APL is defined using transition systems ([11]). A transition
system for a programming language consists of a set of derivation rules for deriving transitions for
this language. A transition is a transformation of one configuration into another and it corresponds
to a single computation step. In the following section, we will repeat the transition system for 3APL
given in [8] (adapted to fit our simplified language) and we will call it the object-level transition
system. We will furthermore give a transition system for the meta-programs defined in section
2.2 (the meta-level transition system). Then in the last section, we will define the operational
semantics of the object- and meta-programs using the defined transition systems.

3.1 Transition Systems
The transition systems defined in the following sections assume 3APL agent A.
Object-level The object-level transition system (Trans,) is defined by the rules given below. The

transitions are labeled to denote the kind of transition. This is needed in the proofs of section 4.1.

Definition 8. (action execution) Let a € BasicAction.

T(a,0) =0’

<CL; , U> —execute <7Ta OJ>

In the transition rule for rule application, we use the operator . 71 @ T denotes a plan of which my
is the first part and mo is the second: 7y is the prefix of this plan. The operator is needed, because
plans have a list structure (see definition 2). The plan ;7o is thus not syntactically correct.
Plans have a list structure, because we do not want to semantically distinguish two plans with
equal leaves, but a differing tree structure. There should for example be no semantic difference
between the plans a; (b; ¢) and (a;b);c. A list structure therefore suffices, but the trade-off is that
we cannot use the sequential composition operator to denote prefixing of more than one element.

Definition 9. (rule application) Let p : 7, | ¥ ~> m, € Rule.

ok

<7Th e, U> —>apply(p) <7Tb e, 0>




Meta-level The meta-level transition system (Trans,,) is defined by the rules below, specifying
which transitions from one meta-configuration to another are possible. As for the object-level
transition system, the transitions are labeled to denote the kind of transition.

An execute meta-action is used to execute a basic action. It can thus only be executed in
a mental state, if the first element of the plan in that mental state is a basic action. As in the
object-level transition system, the basic action a must be executable and the result of executing
a on belief base o is defined using the function 7. After executing the meta-action execute, the
meta-program is empty and the basic action is gone from the plan. Furthermore, the belief base
is changed as defined through 7.

Definition 10. (action execution) Let a € BasicAction.

T(a,0) =0’
(execute, (a;T,0)) = egecute (E, (T,0"))

A meta-action apply(p) is used to specify that PR rule p should be applied. It can be executed in
a mental state if p is applicable in that mental state. The execution of the meta-action in a mental
state results in the plan of that mental state being changed as specified by the rule.

Definition 11. (rule application) Let p : m, | 1 ~ 7, € Rule.

-
(apply(p), (mh @ 7, 0)) apply(p) (B, (mp o7, 0))

In order to define the transition rule for the while construct, we first need to specify the semantics
of boolean expressions Bexp.

Definition 12. (semantics of boolean expressions) We assume a function W of type Bexp —
(S — W) yielding the semantics of boolean expressions, where W is the set of truth values {¢¢, ff}
with typical formula 3.

The transition for the while construct is then defined in a standard way below. The transition
is labeled with idle, to denote that this is a transition that does not have a counterpart in the
object-level transition system.

Definition 13. (while)

W(b)(s)
(while b do P od,s) —igi. (P;while b do P od,s)

—W(b)(s)
(while b do P od,s) —qie (F,s)

The transitions for sequential composition and non-deterministic choice are defined as follows in
a standard way. The variable x is used to pass on the type of transition through the derivation.

Definition 14. (sequential composition) Let © € {execute, apply(p),idle | p € Rule}.

<P175> —z <P1/75/>
(P15 Pa,s) =5 (P; P, s")

Definition 15. (non-deterministic choice) Let x € {execute, apply(p),idle | p € Rule}.

(Pr,s) =2 (P, 8") (P2, 8) =2 (Py,8")
<P1+P2,S>*>m<P1/,S,> <P1+P27S>HI<P2/7S/>




3.2 Operational Semantics

Using the transition systems defined in the previous section, transitions can be derived for 3APL
and for the meta-programs. Individual transitions can be put in sequel, yielding so called com-
putation sequences. In the following definitions, we define computation sequences and we specify
the functions yielding these sequences, for the object- and meta-level transition systems. We also
define the function &, yielding the last element of a computation sequence if this sequence is finite
and the special state | otherwise. These functions will be used to define the operational semantics.

Definition 16. (computation sequences) The sets ST and S of respectively finite and infinite
computation sequences are defined as follows:

St ={s1,...,84,...,8n | 5i € 5,1 <i<n,neN}
S‘X’:{sl,...,si,... |Si€S7i€N}.

Let S; = SU{L} and 6 € ST US*>. The function x : (ST U S>®) — S, is defined by:

last element of § if § € ST,
1 otherwise.

k(0) =
The function x is extended to handle sets of computation sequences as follows:

Definition 17. (functions for calculating computation sequences) The functions C, and C,, are
respectively of type S — (ST U S*®) and Prog — (S — (ST U S>)).

Co(3) ={s1,...,80, € p(ST) | s> 81 =ty ... =1, (E,00)
is a finite sequence of transitions in Trans,} U
{51,...,Si7... S p(SOO) | S =ty S1 g - Tt Si i -

is an infinite sequence of transitions in Trans, }
Con(P)(s) = {s1,... ,sn € p(S*) [(P,s) —uy (P1,81) =y - —a, (B, 5p)
is a finite sequence of transitions in Trans,,} U
{81,...,Si,... S @(SOO) | <P,S> —z, <P1,81> gy e <P7,75'L> i -
is an infinite sequence of transitions in Trans,, }

Note that both C, and C,, return sequences of mental states. C, just returns the mental states
comprising the sequences of transitions derived in Trans,, whereas C,, removes the meta-program
component of the meta-configurations of the transition sequences derived in Trans,,. The reason
for defining these functions in this way is, that we want to prove equivalence of the object- and
meta-level transition systems: both yield the same transition sequences with respect to the mental
states (or that is for a certain meta-program, see section 4). Also note that for C, as well as for
Cmm, we only take into account infinite sequences and successfully terminating sequences, i.e. those
sequences ending in a mental state or meta-configuration with an empty plan or meta-program
respectively.

The operational semantics of object- and meta-level programs are functions O, and O,,, yield-
ing, for each mental state s and possibly meta-program P, a set of mental states corresponding
to the final states reachable through executing the plan of s or executing the meta-program P
respectively. If there is an infinite execution path, the set of mental states will contain the element
1.

Definition 18. (operational semantics) Let s € S. The functions O, and O,, are respectively of
type S. — p(S1) and Prog — (S1 — p(S1)).

Oo(s) = #(Co(s))
Om (P)(s) = £(Cm(P)(s))
Oo(L)  =0m(P)(L) ={L}

Note that the operational semantic functions can take any state s € S, including L, as input.
This will turn out to be necessary for giving the equivalence result of section 6.



4 Equivalence of O, and O,,

In the previous section, we have defined the operational semantics for 3APL and for meta-
programs. Using the meta-language, one can write various 3APL interpreters. Here we will consider
an interpreter of which the operational semantics will prove to be equivalent to the object-level
operational semantics of 3APL. This interpreter for agent A is defined by the following meta-
program.

Definition 19. (interpreter) Let |J!_, p; = Rule, s € S and let notEmptyPlan € Bexp be a
boolean expression such that W(notEmptyPlan)(s) = tt if the plan component of s is not equal
to E and W(notEmptyPlan)(s) = ff otherwise. Then the interpreter can be defined as follows.

while notEmptyPlan do (execute + apply(p1) + ... + apply(pn)) od

In the sequel, we will use the keyword interpreter to abbreviate this meta-program.

This interpreter thus iterates the execution of a non-deterministic choice between all basic meta-
actions, until the plan component of the mental state is empty. Intuitively, if there is a possibility
for the interpreter to execute some meta-action in mental state s, resulting in a changed state
§', it is also possible to go from s to s’ in an object-level execution through a corresponding
object-level transition. At each iteration, an executable meta-action is non-deterministically chosen
for execution. The interpreter thus as it were, non-deterministically chooses a path through the
object-level transition tree. The possible transitions defined by this interpreter correspond to the
possible transitions in the object-level transition system and therefore the object-level operational
semantics is equivalent to the meta-level operational semantics of this meta-program. In the sequel
we will provide some lemma’s and a corollary from which this equivalence result will prove to follow
immediately. As equivalence of object-level and meta-level operational semantics holds for input
state L by definition 18, we will only need to prove equivalence for input states s € S.

Before moving on to proving the equivalence theorem, we have to make the following remark.
The equivalence between object-level 3APL and the interpreter defined above only holds if Rule
does not contain reactive rules of the form E | ¢ ~» m,. The reason is, that we chose the empty
plan as a termination condition for the interpreter and the interpreter will thus stop applying rules
in a mental state once the plan in this state is empty. Rule application is however still a possible
transition in the object-level transition system in case of the presence of reactive rules, as these
are applicable to empty plans. We thus exclude reactive rules from the set Rule. This restriction
could be relaxed, but the interpreter would have to be adapted to yield the equivalence result (the
condition of the while would have to be true). For reasons of space and clarity, we will not discuss
this possibility here. Furthermore, having an empty plan or program as a termination condition
is in line with the notion of successful termination in procedural programming languages.

4.1 Equivalence Theorem

We prove a weak bisimulation between Trans, and Trans,, (interpreter). From this, we can then
prove that O, and O,, (interpreter) are equivalent. In order to do this, we first state the following
proposition. It follows immediately from the transition systems.

Proposition 1. (object-level versus meta-level transitions)

S — egecute S is a transition in Trans, <
(execute, 8) = epecute (F, ') is a transition in Trans,,
/ . e
8 —apply(p) S is a transition in Trans, <
(apply(p), s) = appiy(p) (E,s') is a transition in Trans,,

A weak bisimulation between two transition systems in general, is a relation between the systems
such that the following holds: if a transition step can be derived in system one, it should be



possible to derive a “similar” (sequence of) transition(s) in system two and if a transition step can
be derived in system two, it should be possible to derive a “similar” (sequence of) transition(s)
in system one. To explain what we mean by “similar” transitions, we need the notion of an idle
transition. In a transition system, certain kinds of transitions can be labelled as an idle transition,
for example transitions derived using the while rule (definition 13). These transitions can be
considered “implementation details” of a certain transition system and we do not want to take
these into account when studying the relation between this and another transition system. A
non-idle transition in system one now is similar to a sequence of transitions in system two if the
following holds: this sequence of transitions in system two should consist of one non-idle transition
and otherwise idle transitions, and the non-idle transition in this sequence should be similar to the
transition in system one, i.e. the relevant elements of the configurations involved, should match.

In the context of our transition systems Trans, and Trans,,, we can now phrase the following
bisimulation lemma.

Lemma 1. (weak bisimulation) Let +* abbreviate (ezecute + apply(p1) + ... + apply(p,)). Let
Trans,, (P) be the restriction of Trans,, to those transitions that are part of some sequence of tran-
sitions starting in initial meta-configuration (P, sq), with sy € S an arbitrary mental state. Then
a weak bisimulation exists between Trans, and Trans,, (interpreter), i.e. the following properties
hold.

s —5 s’ is a transition in Trans, = (interpreter, ) —;q. (+*;interpreter, s) —; (interpreter, s’)
is a transition in Trans,, (interpreter)

(4*; interpreter, s) — (interpreter, s’)
is a transition in Trans,, (interpreter) =5 s —, s’ is a transition in Trans,

Proof. (=1) Assume s —; s’ is a transition in Trans, for ¢ € {execute, apply(p) | p € Rule}. Using
proposition 1, the following then is a transition in Trans,,.

((ezecute + apply(p1) + ... + apply(pn));interpreter, s) — (interpreter, s’) (1)

Furthermore, by the assumption that s —; s’ is a transition in Trans, and by the assumption
that no reactive rules are contained in Rule (see introduction of section 4), we know that the plan
of s is not empty as both rule application and basic action execution require a non-empty plan.
Now, using the fact that the plan of s is not empty, the following transition can be derived in
Trans,, (interpreter).

(interpreter, s) —qie ((execute + apply(p1) + ... + apply(pn));interpreter, s) (2)

The transitions (2) and (1) can be concatenated, yielding the desired result.

(=2) Assume (+*;interpreter, s) —; (interpreter,s’) is a transition in Trans,, (interpreter). Then,
(+*,8) —¢ (E,s’) must be a transition in Trans,, (definition 14). Therefore, by proposition 1, we
can conclude that s —, s’ is a transition in Trans,.

We are now in a position to give the equivalence theorem of this section.
Theorem 1. (O, = O,, (interpreter))
Vs € S: Ou(s) = Op(interpreter)(s)

Proof. Proving this theorem amounts to showing the following: s € O, < s € O,,(interpreter).
(=) Assume s € O,. This means that a sequence of transitions sg —, ... —¢, s must be derivable
in Trans,. By repeated application of lemma 1, we know that then there must also be a sequence
of transitions in Trans,, (interpreter) of the following form:

(interpreter, so) —die - .- —1,_, (interpreter,s’) —;q. (+7;interpreter, s’) —, (interpreter,s). (3)



As s € O,, we know that there cannot be a transition s — ., s” for some mental state s”, i.e. it
is not possible to execute an execute or apply meta-action in s. Therefore, we know that the only
possible transition from (interpreter, s) in (3) above, is ... —;g. (E, s). From this, we have that
s € O, (interpreter).

(<) Assume that s € O,(interpreter). Then there must be a sequence of transitions in
Trans,, (interpreter) of the form:

(interpreter, so) —aie (+7;interpreter, so) —¢, ... —¢,

(interpreter, s') —;aqe (+";interpreter,s’) —;  (interpreter,s) —;aqe (F,s).

From this, we can conclude by lemma 1 that sg —¢, ... —¢,_, 8 —¢, s 7> must be a sequence of
transitions in Trans,. Therefore, it must be the case that s € O,.

Note that it is easy to show that O, = O,,(P) does not hold for all meta-programs P.

5 Denotational Semantics

In this section, we will define the denotational semantics of meta-programs. The method used is
the fixed point approach as can be found in Stoy ([16]). The semantics greatly resembles the one
in De Bakker ([4], Chapter 7) to which we refer for a detailed explanation of the subject.

A denotational semantics for a programming language in general, is, like an operational seman-
tics, a function taking a statement P and a state s and yielding a state (or set of states in case of a
non-deterministic language) resulting from executing P in s. The denotational semantics for meta-
programs is thus, like the operational semantics of definition 18, a function taking a meta-program
P and mental state s and yielding the set of mental states resulting from executing P in s, i.e. a
function of type Prog — (S1 — ©(S1))?. Contrary however to an operational semantic function,
a denotational semantic function is not defined using the concept of computation sequences and,
in contrast with most operational semantics, it is defined compositionally ([17], [10], [4]).

5.1 Preliminaries

In order to define the denotational semantics of meta-programs, we need some mathematical
machinery. Most importantly, the domains used in defining the semantics of meta-programs are
designed as so-called complete partial orders (CPO’s). A CPO is a set with an ordering on its
elements with certain characteristics (see definition 25). This concept is defined in terms of the
notions of partially ordered sets, least upper bounds and chains.

Definition 20. (partially ordered set) Let C be an arbitrary set. A partial order C on C is a
subset of C' x C which satisfies:

1. ¢ C ¢ (reflexivity),
2. if ¢1 C ¢g and ¢3 C ¢; then ¢; = ¢o (antisymmetry),
3. if ¢; C ¢ and ¢ C c3 then ¢; C ¢z (transitivity).

In the sequel, we will be concerned not only with arbitrary sets with partial orderings, but also
with sets of functions with an ordering. A partial ordering on a set of functions of type C; — Cs
can be derived from the orderings on C; and C5 as defined below.

Definition 21. (partial ordering on functions) Let (C1,Z1) and (Cs, C2) be two partially ordered
sets. An ordering C on C; — (5 is defined as follows, where f,g € C7 — Cs:

JEgeVee Or: f(c) Bz g(o).

9 The type of the denotational semantic function is actually slightly different as will become clear in the
sequel, but that is not important for the current discussion.
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Definition 22. (least upper bound) Let C' C C. z € C is called the least upper bound of C” if:

1. z is an upper bound: Vo € C' : x C z,
2. z is the least upper bound: Vy € C : (Vzx € C' : 2z C y) = z C y).

The least upper bound of a set C’ will be denoted by | |C’.

Definition 23. (least upper bound of a sequence) The least upper bound of a sequence {co, c1, . . .)
oo "

is denoted by | |;~, ¢; or by | ()2, and is defined as follows, where “c in (¢;)52,” means that ¢
is an element of the sequence (¢;)$2:

Liei)iZo = LHe [ e in (ei)iZo}-

We will now define the notion of a chain. A chain on a set C with some order C can be defined in
two ways. It can first of all be defined as a subset X C C with a total ordering, i.e. for all z,y € X,
either x C y or y C . Secondly, it can be defined as a finite or infinite sequence, the elements of
which have to be ordered in a certain way. This is specified for infinite sequences in the definition
below.

Definition 24. (chains) A chain on (C,C) is an infinite sequence (¢;)$°, such that for ¢ € N :
¢ £ ¢t

The two definitions of chains are related as follows. If (C, C) is a partial order, the following holds:
if (¢;)52, is a chain in C, the set {c | ¢ in (¢;)$2,} is also a chain in C'. For an ordering that is not
partial, this does not have to hold (take for example as C' the set of natural numbers with the
non-reflexive and non-transitive ordering = C y < y = = + 1 and take as a sequence (0, 1,2,...)).
Note that the number of distinct elements of an infinite sequence can be finite or infinite. In line
with other literature on semantics of programming languages ([4], [9], [14], [17]), we will use the
definition of chains as sequences. As we only use it in the context of partial orders, these chains
are related to chains defined as sets as explained.

Having defined partially ordered sets, least upper bounds and chains, we are now in a position
to define complete partially ordered sets.

Definition 25. (CPO) A complete partially ordered set is a set C' with a partial order C which
satisfies the following requirements:

1. there is a least element with respect to C, i.e. an element 1 € C such that Vcee C': 1 C ¢,
2. each chain (¢;)$2 in C has a least upper bound (| |;2,¢;) € C.

The following facts about CPO’s of functions will turn out to be useful. For proofs, see for example
De Bakker ([4]).

Fact 1. (CPO of functions) Let (Cy,C;) and (C3,C2) be CPO’s. Then (C; — C5,C) with C as
in definition 21 is a CPO.

Fact 2. (least upper bound of a chain of functions) Let (C1,C4) and (Cq,C3) be CPO’s and let
(fi)$2, be a chain of functions in Cy — Cs. Then the function A¢y - |_|;?io fi(c1) is the least upper
bound of this chain and therefore (| [;°, fi)(c1) = i fi(c1) for all ¢; € C.

The semantics of meta-programs will be defined using the notion of the least fixed point of a
function on a CPO.

Definition 26. (least fized point) Let (C,C) a CPO, f:C — C and let z € C.

— x is a fixed point of f iff f(z) ==
— x is a least fixed point of f iff z is a fixed point of f and for each fixed point y of f: x C y

The least fixed point of a function f is denoted by uf.
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If a function f on a CPO is continuous, the fixed point theorem as specified below in fact 3 tells
us that the least fixed point of f exists and that it is equal to the least upper bound of the chain
(f1(L1))$2,. This will turn out to be a useful fact in proving that the denotational semantic function
is well-defined and in addition, it will prove to be more intuitive to explain the semantics in terms
of chains of functions, rather than in terms of least fixed points of functions.

Definition 27. (continuity) Let (C1,C4), (C2,C3) be CPO’s. Then a function f : C; — Cs is
continuous iff for each chain (¢;)$2, in C1, the following holds:

f(I_I?io ci) = UZO fei).

Fact 3. (fized point theorem) Let C' be a CPO and let f : C' — C. If f is continuous, then the
least fixed point pf exists and equals | |;=, f*(L), where fO(L) = L and fi(L) = f(f*(L)).

For a proof, see for example De Bakker ([4]).

5.2 Definition

Having explained some basics about CPQO’s in general, we will now show how the domains used in
defining the semantics of meta-programs are designed as CPO’s. The reason for designing these
as CPO’s will become clear in the sequel.

Definition 28. (domains of interpretation) Let W be the set of truth values of definition 12 and
let S be the set of possible mental states of definition 3. Then the sets W, and S| are defined as
CPO’s as follows:

Wi =WU{Llw,} CPO by 8, C B iff 8y = L, or B1 = (2,
S, =S uU{l} CPO analogously.

Note that we use L to denote the bottom element of S| and that we use Lo for the bottom
element of any other set C. As the set of mental states is extended with a bottom element, we
now augment the specification of the semantics of boolean expressions to include a clause for this
element.

Definition 29. (semantics of boolean expressions) The semantics of boolean expressions is as
assumed in definition 12 for s € S and is augmented with the following clause for the mental state
1 € 8, yielding a function of type Bexp — (S1 — W,).

W()(L) = Lw,
In the sequel, it will be useful to have an if-then-else function as defined below.

Definition 30. (if-then-else) Let C be a CPO, ¢1,ca, Lo € C and 8 € W, . Then the if-then-else
function of type W, — C' is defined as follows.

C1 lfﬂ:tt
if fthenc; elseco fi=( co f = ff
le iff=1w,

Because our meta-language is non-deterministic, the denotational semantics is not a function from
states to states, but a function from states to sets of states. These resulting sets of states can be
finite or infinite. An example of a meta-program yielding an infinite set of states is the following:
TODO good example. In case of bounded non-determinism!?, these infinite sets of states have L
as one of their members. This property may be explained by viewing the execution of a program
as a tree of computations and then using Konig’s lemma which tells us that a finitely-branching

1% Bounded non-determinism means that at any state during computation, the number of possible next
states is finite.
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tree with infinitely many nodes has at least one infinite path (see [4]). The meta-language is indeed
bounded non-deterministic'' and the result of executing a meta-program P in some state, is thus
either a finite set of states or an infinite set of states containing 1. We therefore specify the
following domain as the result domain of the denotational semantic function instead of (S, ).

Definition 31. (T) The set T with typical element 7 is defined as follows: T = {7 € ©(S1) |
7 finite or L € 7}.

The advantage of using T" instead of ©(S, ) as the result domain, is that 7" can nicely be designed
as a CPO with the following ordering ([5]).

Definition 32. (Egli-Milner ordering) Let 71,70 € T. 71 E 75 holds iff either 1 € 73 and 7 \{L} C
To, or L & 71 and 7y = 75. Under this ordering, the set {1} is L.

We are now ready to give the denotational semantics of meta-programs. We will first give the
definition and then justify and explain it.

Definition 33. (denotational semantics of meta-programs) Let ¢1,¢2 : S; — T. Then we define
the following functions.

(ﬁ T =T =Xy, 0(5)

pro¢2:S1 =T =Xs- d1(g2(s))
Let (m,0) € S. The denotational semantics of meta-programs M : Prog — (S, — T) is then
defined as follows.

{(=",0")} ifr=an

with a € BasicAction and 7 (a,0) = o’

Mezxecute](m, o)

0 otherwise
Mezecute] L =1lr
{(mpon’,o)}if o =4 and 7 = 7p o7’
Mlapply(p)](m,0) = with p: 7, | ¥ ~» m, € Rule
0 otherwise
M{apply(p)] L =17
M[while b do P od] =
M[[Pl,PQ]] :M[[PQHOM[Pﬂ]
M[P; + Py] = M[P ] UM[P.]
The function ¢ : (S — T) — (S1 — T) used above is defined as

A - As - if W(b)(s) then ¢(M[P](s)) else {s} fi, using definition 30.

Meta-actions The semantics of meta-actions is straight forward. The result of executing an
exrecute meta-action in some mental state s, is a set containing the mental state resulting from
executing the basic action of the plan of s. The result is empty if there is no basic action on the
plan to execute. The result of executing an apply(p) meta-action in state s, is a set containing the
mental state resulting from applying p in s. If p is not applicable, the result is the empty set.

While The semantics of the while construct is more involved. We will try to explain it by first
defining a set of requirements on the semantics and then giving an intuitive understanding of the
general ideas behind the semantics. Next, we will go into more detail on the semantics of a while
construct in deterministic languages, followed by details on the semantics as defined above for our
non-deterministic language.

Now, what we want to do, is define a function specifying the semantics of the while construct
M[while b do P od], the type of which should be S, — T, in accordance with the type of M.
The function can moreover not be defined circularly, but it should be defined compositionally, i.e.

1 QOnly a finite number of rule applications and action executions are possible in any state.
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it can only use the semantics of the guard and of the body of the while. This ensures that M
is well-defined. The semantics of the while can thus not be defined as M[while b do P od] =
M([if b then P;while b do P od else skip f£i] where skip is a statement doing nothing, because
this would violate the requirement of compositionality.

Intuitively, the semantics of while b do P od should correspond to repeatedly executing P,
until b is false. The semantics could thus be something like:

M][if b then P;if b then P;... else skip fi else skip fi].

The number of nestings of if-then-else constructs should however be infinite, as we cannot deter-
mine in advance how many times the body of the while loop will be executed, worse still, it could
be the case that it will be executed an infinite number of times in case of non-termination. As
programs are however by definition finite syntactic objects (see definition 6), the semantics of the
while cannot be defined in this way. The idea of the solution now is, not to try to specify the
semantics at once using infinitely many nestings of if-then-else constructs, but instead to specify
the semantics using approximating functions, where some approximation is at least as good as
another if it contains more nestings of if-then-else constructs. So to be a little more specific, what
we do is specify a sequence of approximating functions (¢;)$2,, where ¢; roughly speaking corre-
sponds to executing the body of the while construct less than ¢ times and the idea now is that
the limit of this sequence of approximations is the semantics of the while we are looking for.

Deterministic languages Having provided some vague intuitive ideas about the semantics, we will
now go into more detail and use the theory on CPO’s of section 5.1. To simplify matters, we will
first consider a deterministic language. The function defining the semantics of the while should
then be of type S| — S). The domain S, is designed as a CPO and therefore the domain of
functions S| — S is also a CPO (see fact 1). What we are looking for, is a chain of approximating
functions (¢;)$2, in this CPO S; — S, the least upper bound of which should yield the desired
semantics for the while. As we are looking for a chain (see definition 24) of functions (¢;)$2,, it
should be the case that for all s € S| : ¢;(s) C ¢;(s) for i < j. Intuitively, a function ¢; is “as
least as good” an approximation as ¢;.

Approximating functions with the following behaviour will do the trick. A function ¢; should
be defined such, that the result of ¢; applied to an initial state sg, is the state in which the while
loop terminates if less than ¢ runs through the loop are needed for termination. If ¢ or more runs
are needed, i.e. if the execution of the while has not terminated after ¢ — 1 runs, the result should
be L. To illustrate how these approximating functions can be defined to yield this behaviour, we
will give the first few approximations ¢g, ¢1 and ¢2. In order to do this, we need to introduce a
special statement diverge, which yields the state L if executed. It can be shown that with the
functions ¢; as defined below, (¢;)$2, is indeed a chain. Therefore it has a least upper bound by
definition, which ensures that the semantics is well-defined.

oo = M[diverge]
¢1 = M[if b then P;diverge else skip £i]
¢2 = M[if b then
P;if b then P;diverge else skip fi
else skip £i]

These definitions can be generalized, yielding the following definition of the functions ¢; in which
we use the if-then-else function of definition 30.
b0 =ls s,
=As- L
Gir1 = As-if W(b)(s) then ¢;(M[P](s)) else s fi

Now, as (¢;)22, is a chain, so is (¢;(s0))52,. Using fact 2, we know that | |5~ ¢; = Aso-|lseq @4(s0)
or (L2, ¢:)(s0) = Lizo @i(s0), i.e. the semantics of the execution of the while construct in an
initial state so, is the least upper bound of the chain (¢;(s0))52,.
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The semantic function defined in this way, will indeed yield the desired behaviour for the
while loop as sketched above, which we will show now. If the while loop is non-terminating,
the chain (¢;(s0))52, will be (L,L,L,...). This is because the guard b will remain true and
therefore the statement diverge will be “reached” in each ¢;. Taking the least upper bound of
this chain will give us L, which corresponds to the desired semantics of non-terminating while
loops. If the loop terminates in some state s, the sequence (¢;(s0))52, will be a chain of the form
(L, L, 1,...,1,s,8,s,...), as can easily be checked. The state s then is the least upper bound.

Finally, to prepare for the treatment of the semantics as we have defined it for the non-
deterministic case, the following must still be explained. Above, we have defined
M(while bdo P od] as | |72, ¢;. Instead of defining the semantics using least upper bounds,
we could have given an equivalent least fixed point characterization as follows. Let ¢ = |_|;°i0 d;.
Then we can give an operator ¢ : (S| — S;1) — (S — S1), i.e. a function on CPO S, — S,
such that the least fixed point of this operator equals ¢, i.e. u® = ¢. This operator & is the
function A¢ - As - if W(b)(s) then ¢(M[P](s)) else s £i. We know that if & is continuous,
pud =52, P (Ls, —g, ) by the least fixed point theorem (fact 3). It can be shown that & is indeed
continuous and furthermore, that ¢*(Lg, g, ) = ¢;. Therefore | |72, ¢; = | ;2 ?*(Ls, —s,) and
thus ¢ = p®. The question of whether to specify the semantics of a while construct using least
upper bounds or least fixed points, is basically a matter of taste. We have chosen to use a least
fixed point characterization in the semantics of meta-programs.

Non-deterministic languages Having explained the denotational semantics of a while loop in deter-
ministic languages, we will now move on to the non-deterministic case, as our meta-programming
language is non-deterministic. In the non-deterministic case, the execution of a while loop could
lead to a set of possible resulting end states, including the state L if there is a possibility of non-
termination. A certain approximation ¢; now is a function yielding a set of end states that can be
reached in less than ¢ runs through the loop. It will contain bottom if it is possible that the exe-
cution of the loop has not terminated after ¢ runs. The limit of the sequence (¢;(s0))32, will thus
be either a finite set of states possibly containing L (if there is a possibility of non-termination)
or an infinite set which will always contain L because of Konigs lemma (see introduction). The
semantic function we are looking for, will thus be of type S| — T.

As stated, the semantics of the while construct in our meta-language is defined using least
fixed points. To be more specific, it is defined as the least fixed point of the operator @ : (S| —
T) — (SL — T) (see definition 33). @ is thus a function on the CPO S; — T (definitions 28,
32 and fact 1) and the semantics of the while is defined to be u®. We must make sure that u®
actually exists, in order for M to be well-defined. We do this by showing that @ is continuous
(see section 5.3), in which case u® = | |;°, #*(Ls, —r). The bottom element Lg, 7 of the CPO
S; — Tis As-{ L}, i.e. a function that takes some state and returns a set of states containing only
the bottom state. Note that the type of @ is such, that u® yields a semantic function ¢ : S; — T,
corresponding to the type of the function M[while b do P od]. The operator @ is thus of the
desired type.

The operator ¢ we use, is a non-deterministic version of the @ — operator of the previous
paragraph. This is established through the function” : (S, — T) — (T’ — T). This function
takes a function ¢ of type S; — T and a set 7 € T and returns the union of ¢ applied to
each element s € 7, i.e. |J,c, ¢(s). We will now give the first few elements of the sequence of
approximations (®*(Lg, 7)), to illustrate how @ is defined in the non-deterministic case. For
reasons of presentation, we will assume that M[P](s) # 0 in which case (" (As-{L}))(M[P](s)) =
{1}. As it follows from the definition of ¢ (definition 33) that ¢(0) = 0, some equivalences as stated
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below would not hold in this case.

P(Ls, 1) =As- {1}
P (Ls, 1) = D(P(Ls, 7))
=P(As-{L})
= As-if W(b)(s) then (" (As-{L}))(M[P](s)) else {s} fi
= As-if W(b)(s) then { L} else {s} fi
P*(Ls, 1) = (P (Ls, —71))
= P(As-if W(b)(s) then {L} else {s} fi)
= As-if W(b)(s)

then
(" (A" - if W(b)(s)
then
{L}
else
{s'} £1))(M[P](s))
else {s} fi

P*(Ls, ~1) = D(P*(Ls, —1))

The zeroth approximation by definition (see fact 3) always yields the bottom element of the
CPO S, — T. The first approximation is a function that takes an initial state s and yields either
the set {L} if the guard is true in s, i.e. if there will be one or more runs through the loop, or the
set {s} if the guard is false in s, i.e. if the while loop is such that it terminates in s without going
through the loop. The second approximation is a function that takes an initial state s and yields,
like the first approximation, the set {s} if the guard is false in s. It thus returns the same result as
the first approximation if it takes less than one runs through the loop to terminate. This is exactly
what we want, as the first approximation will be as good as it gets in this case. If the guard is
true in s, the function s’ - if W(b)(s’) then { L} else {s'} fi is applied to each state in the set
of states resulting from executing the body of the while in s, i.e. the set M[P](s) which we will
refer to by 7/. The function thus takes some state s’ from 7" and either yields {s'} if the guard is
true in ¢, i.e. if the while can terminate in s’ after one run through the loop, or yields { L} if the
guard is false in s, i.e. if the execution path going through s’ has not ended. The function " now
takes the union of the results for each s’, yielding a set of states containing the states in which
the while loop can end after one run through the loop, and containing L if it is possible that the
while loop has not terminated after one run. The function & is thus defined such that a certain
approximation @'(Lg _ ) is a function yielding a set of end states that can be reached in less
than 4 runs through the loop. It will contain L if it is possible that the execution of the loop has
not terminated after ¢ runs.

Sequential Composition and Non-deterministic Choice The semantics of the sequential
composition and non-deterministic choice operator is as one would expect.

5.3 Continuity of &

In the previous section, we have given the denotational semantics of meta-programs. In this defi-
nition, the semantics of the while construct was defined to be the least fixed point of the operator
@ on the CPO S, — T. As stated, we must make sure that this least fixed point u® actually
exists, in order for M to be well-defined. This can be done by showing that & is continuous (see
fact 3), which is what we will do in this section. We will repeat the definition of @ here.

Definition 34. (the operator ) The operator @ : (S, — T) — (S, — T) is defined for some
meta-program P € Prog as follows, with W as in definition 29, the if-then-else function as in
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definition 30 and M and (13 as in definition 33.
& = \p- \s-if W(b)(s) then ¢(M[P](s)) else {s} fi

In definition 27, the concept of continuity was defined. As we will state below in fact 4, an equivalent
definition can be given using the concept of monotonicity of a function.

Definition 35. (monotonicity) Let (C,C),(C’,C) be CPO’s and ¢1,¢2 € C. Then a function
f:C — C" is monotone iff the following holds:

c1 Cea & fler) E fle).

Fact 4. (continuity) Let (C,C),(C’,C) be CPO’s and let f : C — C’ be a function. Then:

for all chains (¢;)52, in C': f(L;2y ) = Licg f(c:)
54

[/ is monotone and for all chains (¢;)$2, in C : f(Ll;2g ) C L=y f(ci)

Proof. (=): Assume for all chains (¢;)$2, in C' : f(|{ci)20) = LU(f(ci))52o- Then f([J{ci)2) T
LI(f(€i))$2, trivially holds for all chains (¢;)$2, in C. To prove: monotonicity of f.

Let ¢, € C and assume ¢ C ¢’. The following holds: f(c) C | {f(c), f(<)}. As LU{f(c), f(c)} =
)2

LI(f(e))e2 with (f(c))52, € Chain({f(c), f(¢')}), we can conclude that f(c) T f(|J{c;)52,) with
(€i)2y € Chain({c, c'}) by assumption. As | [(¢;)i2, = | [{¢, ¢'}, we can conclude that f(c) C f(¢'),
using that ¢ = | |{c,c'}.

(<): Assume that f is monotone and that f(| |{c;)$2o) C | (f(ci))$2, holds for all chains (¢;)$2, in C.
Then we need to prove that for all chains (¢;)?°, in C' : | [(f ()52 T f(LU(ci)52,)- Take an ar-
bitrary chain (¢;)?, in C. Let X = {c | ¢ in (¢;)52,} and let X' = {f(c) | cin (¢;)20} = {f(2) |
x € X}. To prove: | | X' C f( | X).

Take some x € X. Then # C | |X and thus by monotonicity of f: f(z) C f(|]X). With x
having been chosen arbitrarily, we may conclude that f(| | X) is an upper bound of X’. Hence,

LIX' C f(LUX).

Below, we will prove continuity of & by proving that ¢ is monotone and that for all chains
($:)22, in S| — T, the following holds: (| |?°, ¢;) C |17, B(e).

Monotonicity of &
Lemma 2. (monotonicity of 9)

The function @ as given in definition 34 is monotone, i.e. the following holds for all ¢;, ¢; € S| — 1"
¢i £ ¢; = P(¢i) E (¢;).

Proof. Take arbitrary ¢;,¢; € S1 — T. Suppose that ¢; C ¢;. Then we need to prove that Vs €
S1 :D(¢pi)(s) C P(¢;)(s). Take an arbitrary s € 5. We need to prove that @(¢;)(s) T P(¢;)(s),
i.e. that

if W(b)(s) then ¢;(M[P](s)) else {s} £fi T if W(b)(s) then (;%(M[[P]](s)) else {s} fi.
We distinguish three cases.

1. Suppose W(b)(s) = Ly, , then to prove: { L} C {L}. This is true by definition 32.

2. Suppose W(b)(s) = ff, then to prove: {s} C {s}. This is true by definition 32.

3. Suppose W(b)(s) = tt, then to prove: ¢;(M[P](s)) C ¢;(M[P](s)). Let 7 = M[P](s). Using
the  definition  of gz@, we  rewrite what needs to be proven into
Uger @i(8") EUyepr @5(8"). Now we can distinguish two cases.
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(a) Suppose L & U, ¢, @i(s"). Then to prove: U, . ¢i(s") = Uye,r ¢5(s'). From the as-
sumption that L & J, ¢, ¢i(s"), we can conclude that L ¢ ¢;(s’) for all s € 7’. Using the
assumption that ¢;(s) C ¢;(s) for all s € S|, we have that ¢;(s") = ¢;(s’) for all s’ € 7/
and therefore |, ., #i(s") = U, e ¢5(5)-

(b) Suppose L € U, ¢, @i(s'). Then to prove: (U, ¢, @i(s") \ {L} € Uger @5(s), ie.
User (@i(8) \ {L}) € Uyer @j(8). Using the assumption that ¢;(s) E ¢;(s) for all
s € Sy, we have that for all s’ € 7/, either ¢;(s') \ {L} C ¢;(s') or ¢i(s") = ¢;(s),
depending on whether L € ¢;(s). From this we can conclude that (J, ., (¢:(s") \ {L1}) €
US’ET’ d)j (S/)'

Theorem 2. (continuity of ®) The function @ as given in definition 34 is continuous, i.e. @ is
monotone and for all chains (¢;)52, in S, — T, the following holds:

@(Ll ¢i) E |_| P(9i).
i=0 i=0

Proof. Monotonicity of @ was proven in lemma 2. We therefore only need to prove that for all chains
(Pi)2pin S, — T and for all s € S, the following  holds:
(Do #:))(s) T (L2 P(¢))(s). Take an arbitrary chain (¢;)s2, in S1 — T and an arbitrary
state s € S| . Then to prove:

if W(b)(s) thenA(I_l ¢;)(7) else {s} fi C |_| if W(b)(s) then ¢;(7) else {s} fi,

i=0 1=0
where 7 = M[P](s). We distinguish three cases.

1. Suppose W(b)(s) = Lw,, then to prove: {L} C | |72/ {L}, i.e. {L} T {L}. This is true by
definition 32.

2. Suppose W(b)(s) = ff, then to prove: {s} C | ;= {s}, i.e. {s} C {s}. This is true by definition
32.

3. Suppose W(b)(s) = tt, then to prove:" (>, ¢;)(1) T LI, bi(7). If we can prove that ¥r € T
(Lo #0)(T) T LISy dil(r), e (LS 0i) T LIS, ¢4, we are finished. A proof of the continuity
of " is given in De Bakker [4], from which we can conclude what needs to be proven.

6 Equivalence of Meta-level Operational and Denotational Semantics

In the previous section, we have given a denotational semantic function for meta-programs and we
have proven that this function is well-defined. In section 6.1, we will prove that the denotational
semantics for meta-programs is equal to the operational semantics for meta-programs. From this
we can conclude that the denotational semantics of the interpreter of section 4 is equal to the
operational semantics of this interpreter. As the operational semantics of this interpreter is equal
to the operational semantics of object-level 3APL (as proven in section 4.1), the denotational
semantics of the interpreter is equal to the operational semantics of SAPL. One could thus argue
that we give a denotational semantics for SAPL. This will be discussed in section 6.2.

6.1 Equivalence Theorem

Theorem 3. (O,, = M) Let O,, : Prog — (S. — ©(S1)) be the operational semantics of
meta-programs (definition 18) and let M : Prog — (S, — T) be the denotational semantics
of meta-programs (definition 33). Then, the following equivalence holds for all meta-programs
P € Prog and all mental states s € 5 .



In this section, we will use O to denote O,, and C to denote C,,.

Proof. Kuiper [9] proves equivalence of the operational and denotational semantics of a non-
deterministic language with procedures but without a while construct. The proof involves struc-
tural induction on programs. As the cases of sequential composition and non-deterministic choice
have been proven by Kuiper (and as they can easily be adapted to fit our language of meta-
programs), we will only provide a proof for the atomic meta-actions and for the while construct.

We will now explain how the equivalence will be proven. The way to prove the equivalence
result as was done by Kuiper, is the following. In case C(P)(s) € @(ST), induction on the sum of
the length of the computation sequences in C(P)(s) is applied, thus proving O,,(P)(s) = M(P)(s)
in this case. In case there is an infinite computation sequence in C(P)(s) and so L € O(P)(s), we
prove O(P)(s)\ {L} € M(P)(s) by induction on the length of individual computation sequences.
This yields O(P) C M(P). For the reasons behind this way of proving the result, we refer to
Kuiper [9]. Proving M(P) C O(P) by standard techniques then completes the proof.

O(P)(s) = M(P)(s) holds trivially for s = L, so in the sequel we will assume s € S.

(1) O(P)(s) E M(P)(s)

Case A: L & O(P)(s) i.e. C(P)(s) € p(ST)
If C(P)(s) € p(S™), then we prove O(P)(s) = M(P)(s) by cases, applying induction on the
sum of the lengths of the computation sequences.

1. P = execute
Let (m,0) € S. If # = a; 7’ with a € BasicAction, 7’ € IT and 7 (a,0) = o', then the following
can be derived directly from definitions 18, 16 and 33.

O(execute)(m,0) = k(C (ewecute)(ﬂ, o))

{(z,0")}
= M(efcecute)( o)

Otherwise O(ezecute)(m, o) = 0 = M(execute)(rw, o).

2. P = apply(p)
Let (m,0) € S.Mf o = and m = 7p o7’ and if p : 7y, | ¢ ~> 7 € Rule then the following can

be derived directly from definitions 18, 16 and 33.

O(apply(p))(m,0) = K(C(apply(p

= M (apply(p

)(m,0))

(m,0)

Otherwise O(apply(p))(m, o) =0 = M(apply(p))(w, o).

3. P =vwhile bdo P’ od
In case W(b)(s) = ff, we have that O(while b do P’ od)(s) = {s} = M(while b do P’ od)(s)
by definition. In the sequel, we will show that the equivalence also holds in case W(b)(s) = tt.
For this, we will need the following addition and variation to lemma’s given by Kuiper, which
only hold in case W(b)(s) = tt.

O(while b do P’ od)(s) = O(P’;while b do P’ 0d)(s) (lemma 7, Kuiper)
M(while b do P’ od)(s) = M(P’;while b do P’ 0d)(s) (lemma 13, Kuiper)

The function “length” yields the sum of the lengths of the computation sequences in a set.
From the assumption that C(P)(s) € p(S*), we can conclude that C(P)(s) is a finite set
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(lemma 16, Kuiper). From definition 17, we can then conclude the following.

length(C(P’)(s)) < length(C(P’;while b do P’ 0d)(s)) <

00
length(C(while b do P’ od)(k(C(P’)(s))) < length(C(P’;while b do P’ od)(s)) < co

~—

So, by induction we have:
O(P')(s) = M(P')(s)
O(while b do P’ od)(k(C(P')(s))) = M(while b do P’ od)(k(C(P’')(s)))

The proof is then as follows:
O(while b do P’ od)(s)
= O(P';while b do P’ od)(s) (lemma 7, above)
= O(while b do P’ od) o O(P’)(s) (lemma 7, Kuiper)
= O(while b do P’ od)(k(C(P’)(s))) (definition 18)
= M(while b do P’ od)(k(C(P’)(s)))  (induction hypothesis)
= M(while b do P’ 0od)(O(P’)(s)) (definition 18)
= M(while b do P’ od) o M(P’)(s) (induction hypothesis)
= M(P’;while b do P’ od)(s) (definition 33)
= M(while b do P’ od)(s) (lemma 13, above)

Case B: 1L € O(P)(s)

If P and s are such that L € O(P)(s) then we prove by cases that
O(P)(s)\{L} € M(P)(s), applying induction on the length of the computation sequence cor-
responding to that outcome, i.e. we prove that for s’ # 1: s' € O(P)(s) = s’ € M(P)(s)).

1. P = execute
Equivalence was proven in case A.

2. P = apply(p)
Equivalence was proven in case A.

3. P =while bdo P’ od
Consider a computation sequence

0 =1(s1,...,8n(= ")) € C(while b do P’ od)(s).

From definition 17 of the function C, we can conclude that there are intermediate states

8j,8j+1 # L in this sequence §, i.e. § = (s1,...,8;,8j+1,--.,5n(= ")) (where s; can coincide
with s;), with s; = s;41 and moreover:
(s1,...,85) €C(P")(s) and

(8j415---,5n) € C(while b do P’ od)(s;).

The following can be derived immediately from the above.
length((s1,...,s;)) < length((si,...,sn))
length((sj41,...,5n)) <length((s1,...,s,))

We thus have the following induction hypothesis.

s; € O(P')(s) = s; € M(P')(s)
s’ € O(while b do P’ od)(s;j) = s’ € M(while b do P’ od)(s;)

As (s1,...,8;) € C(P')(s), we know that s; € O(P’)(s) (definition 18) and similarly we can
conclude that s’ € O(while b do P’ od)(s;). We thus have, using the induction hypothesis,
that:

s; € M(P')(s) and
s’ € M(while b do P’ od)(s;).

From this we can conclude the following, deriving what was to be proven.

s’ € M(P';while b do P’ od)(s) (definition 33)
s’ € M(while bdo P’ od)(s)  (lemma 13, above)
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(2) M(P)(s) E O(P)(s)

1. P = execute
Equivalence was proven in case (1).

2. P = apply(p)
Equivalence was proven in case (1).

3. P=vwhile bdo P’ od
We will use induction on the entity (i,length(P)) where length(P) denotes the length of
the statement P and we use ordering (i1,l;) < (ig,l2) iff either i1 < iy or i1 = iy and
I < lg. Clearly, length(P’) < length(while b do P’ od) holds. Therefore (i,length(P’)) <
(i,length(while b do P’ od)) holds.
We know that M(while bdo P’ od) = pd = | |-, P"(Ls, —7) by continuity of ¢ (theo-
rem 2). Let ¢; = &*(Lg, 7). We thus need to prove that | |72, ¢; C O(while b do P’ od).
So, if we can prove that ¢; C O(while b do P’ od) holds for all ¢, we will have the de-
sired result. We will prove this by induction on the entity (i,length(P)). As (i,length(P’)) <
(i¢,length(while b do P’ od)) and (4,1) < (i + 1,1), our induction hypothesis will be:

M(PYC O(P) and
oi C O(while b do P’ od).

The induction basis is provided as ¢9 = Lg, .7 C O(while b do P’ od) holds. From this we
have to prove that for all s € S : ¢;+1(s) C O(while b do P’ od)(s). Take an arbitrary s € S.
We have to prove that:

D(di)(s) C O(while b do P’ od)(s) i.e. by definition 33
$i(M(P')(s)) C O(while b do P’ od)(s) i.e. by lemma 7 above and Kuiper
$i(M(P')(s)) C O(uhile b do P’ 0d)(O(P')(s)) (*).

We know that M(P’)(s) = O(P’)(s) by the induction hypothesis and the fact that we have
already proven M(P’)(s) J O(P’)(s). Let 7/ = M(P’)(s) = O(P’)(s) and let s’ € /. By the
induction hypothesis, we have that ¢;(s’) C O(while b do P’ od)(s') for all s € S,. From
this, we can conclude that (J, ., ¢i(s’) E Uy, O(while b do P’ od)(s’) (see the proof of
monotonicity of @, lemma 2), which can be rewritten into what was to be proven (x) using
the definitions of ¢;Z and function composition.

In section 4, we showed that the object-level operational semantics of 3APL is equal to the meta-
level operational semantics of the interpreter we specified in definition 19. In section 6.1 we then
showed that it holds for any meta-program that its operational semantics is equal to its deno-
tational semantics. This holds in particular for the interpreter of definition 19, i.e. we have the
following corollary.

Corollary 1. (O, = M (interpreter)) From theorems 1 and 3 we can conclude that the following
holds.

O, = M(interpreter)

6.2 Denotational Semantics of Object-level 3APL

Corollary 1 states an equivalence between a denotational semantics and the object-level opera-
tional semantics for 3APL. The question is, whether this denotational semantics can be called a
denotational semantics for object-level 3APL.

A denotational (or operational) semantic function in general takes a statement and an initial
state and yields the state (or set of states in case of a non-deterministic language) resulting from
executing this statement in the initial state. When viewing 3APL on the object-level, plans are the
statements which can be executed, resulting in a change to a belief base. Now let ¥} = YU{ Ly }.
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A denotational (or operational) semantics for 3APL then, should be a function taking a plan = € IT
and a belief base 0 € X| and yielding a set of belief bases in p(X', ), i.e. a function of type:

This type can be rewritten into the following equivalent type'2.

(I x (YU{ls, }) = p(X1) ()

The functions O, and M (interpreter) however, are of type S; — ©(S1)*. These functions thus
yield a set of mental states as opposed to yielding a set of belief bases. This can be remedied for O,
in a natural way by adapting the definition of the computation sequence generating function C,.
In case of the denotational semantics, a function of the desired type could for example be defined
as follows.

Definition 36. (NV) Let snd be a function yielding the second element, i.e. the belief base, of a
mental state in S and yielding L 5;, for input L. This function is extended to handle sets of mental
states through the function ", as was done in definition 33. Then N : S, — (X)) is defined as
follows. -

N = Xs - snd(M |interpreter](s))

As S| = (IT x X)U{L} (see definitions 3 and 16), the function N is of type:
(T x Z)U{L}) = p(X1). (6)
If we for the moment disregard the possibility of a L input, we get the type:
(II x X) — p(X1). (7)

Disregarding a L5, input, this type is equivalent to the desired type 5. So, if we assume an input
mental state s € S, the function N is of the type we were looking for and it is defined using the
denotational semantic function M. The question now is, whether it is legitimate to characterize
the function A as being a denotational semantics for 3APL. The answer is no, for the following
reason. As stated in the introduction of section 5, a denotational semantic function in general is
a function of type Prog — (S1 — ©(S1)), i.e. taking a statement in Prog and a state in S
and yielding a set of states in (S, ) and, most importantly, it should be defined compositionally
in Prog. A denotational semantic function for 3APL should thus be defined compositionally in
11, i.e. the semantics of for example a; 7 should be defined in terms of the semantics of a and 7.
This is obviously not the case for the function A and therefore this function is not a denotational
semantics for 3APL.

So, it seems that the specification of the denotational semantics for meta-programs cannot
be used to define a denotational semantics for object-level 3APL. The difficulty of specifying a
compositional semantic function is due to the nature of the PR rules: these rules can transform
not just atomic statements, but any sequence of statements. The semantics of an atomic statement
can thus depend on the statements around it. We will illustrate the problem using an example.

a ~b
b;c~~d
c ~e

Now the question is, how we can define the semantics of a;c? Can it be defined in terms of the
semantics of a and ¢? The semantics of a would have to be something involving the semantics of b
and the semantics of ¢ something with the semantics of e, taking into account the PR rules given

12 Tet f be a function of type 4 and define f* as f*(m, ) = (f(r))(c). The function f* is of type 5 and
has the same behaviour as f by definition.

13 M(interpreter) is actually defined to be of type S, — T, but T C p(S1), so we may extend the result
type to p(S1).
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above. The semantics of a; ¢ should however also be defined in terms of the semantics of d, because
of the second PR rule: a; ¢ can be rewritten to b; ¢, which can be rewritten to d. Moreover, if b is
not a basic action, the third rule cannot be applied and the semantics of e would be irrelevant. So,
although we do not have a formal proof, it seems that the semantics of the sequential composition
operator'® of a 3APL plan or program cannot be defined using only the semantics of the parts of
which the program is composed.

Another way to look at this issue is the following. In a regular procedural program, computation
can be defined using the concept of a program counter. This counter indicates the location in the
code, of the statement that is to be executed next or the procedure that is to be called next. If a
procedure is called, the program counter jumps to the body of this procedure. Computation of a
3APL program cannot be defined using such a counter. Consider for example the PR rules defined
above and assume an initial plan a; c. Initially, the program counter would have to be at the start
of this initial plan. Then, the first PR rule is “called” and the counter jumps to b, i.e. the body
of the first rule. According to the semantics of 3APL, it should be possible to get to the body of
the second PR rule, as the statement being executed is b; c. There is however no reason for the
program counter to jump from the body of the first rule to the body of the second rule.

7 Related Work and Conclusion

The concept of a meta-language for programming 3APL interpreters was first considered by Hin-
driks ([7]). Our meta-language is similar to, but simpler than Hindriks’ language. The main differ-
ence is that Hindriks includes constructs for explicit selection of a PR rule from a set of applicable
ones. These constructs were not needed in this paper. Dastani defines a meta-language for 3APL
in [3]. This language is similar to, but more extensive than Hindriks’ language. Dastani’s main
contribution is the definition of constructs for explicit planning. Using these constructs, the pos-
sible outcomes of a certain sequence of rule applications and action executions can be calculated
in advance, thereby providing the possibility to choose the most beneficial sequence. Contrary to
our paper, these papers do not discuss the relation between object-level and meta-level semantics,
nor do they give a denotational semantics for the meta-language.

Concluding, we have proven equivalence of an operational and denotational semantics for a
3APL meta-language. We furthermore related this 3APL meta-language to object-level 3APL
by proving equivalence between the semantics of a specific interpreter and object-level 3APL.
Although these results were obtained for a simplified 3APL language, we conjecture that it will
not be fundamentally more difficult to obtain similar results for full first order 3APL?.

As argued in the introduction, studying interpreter languages of agent programming languages
is important. In the context of 3APL and PR rules, it is especially interesting to investigate
the possibility of defining a denotational or compositional semantics, for such a compositional
semantics could serve as the basis for a (compositional) proof system. It seems, considering the
investigations as described in this paper, that it will however be very difficult if not impossible to
define a denotational semantics for object-level 3APL. As it is possible to define a denotational
semantics for the meta-language, an important issue for future research will be to investigate the
possibility and usefulness of defining a proof system for the meta-language, using this to prove
properties of 3APL agents.
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